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A dual neural network architecture for the solution of aircraft control problems is presented. The neural net-
work structure, consisting of an action network and a critic network, is used to approximately solve the dynamic
programming equations associated with optimal control with a high degree of accuracy. Numerical results from
applying this methodology to optimally control the longitudinal dynamics of an aircraft are presented. The nov-
elty in this synthesis of the optimal controller network is that it needs no external training inputs; it needs no
a priori knowledge of the form of control. Numerical experiments with neural-network-based control as well as
other pointwise optimal control techniques are presented. These results show that this network architecture yields
optimal control over the entire range of training. In other words, the neural network can function as an autopilot.
A scalar problem is also used in this study for easier illustration of the solution development.

I. Introduction

PTIMIZATION is a primary concern in most real world

processes. Two-point boundary value problem (TPBVP)
methods! provide near-exact solutions, but must be solved for each
set of initial conditions. This means determining a separate solution
for each possible set of initial conditions for a given system. Dy-
namic programming’-? is a method of determining optimal control
for a family of initial conditions. However, the usual method of so-
lution of dynamic programming equations becomes very difficult
to solve for in higher dimensions and for nonlinear systems. These
methods of solution for control do not usually yield a feedback form
of control in terms of states either.

Other methods of solution also have their advantages and dis-
advantages. Neighboring optimal control is beneficial in that the
solution of a single TPBVP allows an approximate solution over a
range of initial conditions. The disadvantage is that approximation
methods such as neighboring optimal control can fail at a distance
from the original TPBVP solution.

Several authors>~> have used neural networks to solve control
problems. This paper will review a few examples from the litera-
ture. Ismail et al.® use neural networks to optimally control a variable
reluctance motor. The method they use, however, first requires that
the optimal control path be determined mathematically for a variety
of initial conditions. A neural network is then trained to model these
trajectories. In essence, this method® generalizes for various initial
conditions according to its original training set. A weakness of this
method is that the optimal trajectories must be determined mathe-
matically prior to training the neural networks. In neural network
literature, this technique is known as cloning.

Nikolauo and Hanagandi” use neural networks to control nontin-
ear systems. In their method, the networks are used to determine a
system model, and the model is subjected to linearization. The con-
trol is then determined from this linearization. This method’ again
uses traditional mathematics to solve for the optimal control laws,
and uses the neural network solely to model the system.

Yamada and Yabuta® have developed a method of using neural
networks to optimally control nonlinear systems. Their method is
concerned with a single initial condition. A neural network is used to
model the optimal control, and the system cost function is calculated
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using this control law. After the cost function is determined for the
entire run, the control network is adapted using the gradient of the
cost function with respect to the weights of the control network.
Some limitations of this method are that it can only determine the
control law for a single initial condition, it requires an explicit look-
ahead, and, therefore, is limited to a fixed and finite horizon.

Similar to these, there is a multitude of neurocontrollers in the
published literature.* Almost all of them fall within four categories:
1) supervised control, 2) direct inverse control, 3) neural adaptive
control, and 4) backpropagation through time. A fifth and rarely
studied class of controller has the most interesting structure. It is
called an adaptive critic architecture. This neural network struc-
ture falls under the class that is known as learning control. Fu®
gives one of the first formal discussions of the use of learning in
control systems. Fu describes a learning controller in terms of a
two-component combination. These components are the controller
and the trainer. Together, the controller and trainer perform tasks of
pattern recognition, control parameter searching, and system per-
formance improvement over time. Sklansky’s'® general form for a
learning controller contains a hierarchy. of three feedback loops, a
simple feedback loop, an adaptive loop, and a learning loop. Sklan-
sky’s learning controller can also be thought of as a two-component
system, one for pattern recognition and control parameter selection
and the other to work as a teacher, which observes system perfor-
mance and adjusts category boundaries in the controller.

Nikolic and Fu'' describe an on-line learning algorithm for a
learning controller. Nikolic’s learning control contains a student
and an unreliable teacher. The student acts as the controller. The
unreliable teacher uses a reinforcement learning strategy and obser-
vations from the environment to modify controller parameters. The
Widrow et al.'? method also uses learning with a critic. The critic in
this case provides feedback to a neural control element based on a
comparison between short- and long-term performance. Parameters
in the control element are then modified using positive or negative re-
inforcement. Barto et al.'* and Anderson'* describe reinforcement
learning control with an adaptive critic. The control architecture
consists of two neuronlike elements, an associated search element
(ASE) and an adaptive critic element (ACE). The ASE is responsi-
ble for associating proper control actions with regions in the state
space. The ACE assists also learns to improve in its job as a teacher
based on less frequent reinforcement from an external source.

A major difference between all of these existing works and this
study is that the networks are synthesized offline but they work as
feedback controllers. (A reviewer has pointed out that a few stud-
ies have used offline trained control for online though they are not
based on the critic design used in the study.'S) Also, an aircraft
cannot be trained through crashing as in the case of an inverted pen-
dulum or a robot studied by Barto et al.'* and others. The reasons for
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choosing this structure for formulating the aircraft optimal control
problems are as follows: 1) This structure obtains an optimal con-
troller through solving dynamic programming equations. 2) This ap-
proach (see Fig. 1) has a supervisor (critic) that critiques the outputs
of the controller network and a neural network controller. Therefore,
this approach has a built-in fault tolerance. 3) This approach needs
no external training as in other forms of neurocontrollers. 4) This is
not an open-loop optimal controller but a feedback controller. 5) It
preserves the same structure regardless of the problem (linear or
nonlinear).

The method proposed in this study determines an optimal con-
trol law for a system by successively adapting two networks, an
action and a critic network. It determines the control law for an
entire range of initial conditions. When the networks converge, the
dynamic programming solutions are imbedded in the networks. The
general problem is formulated in the next section. It is followed by
an illustrative scalar example -and results from an aircraft optimal
control problem. The conclusions are summarized at the end.

II. Solution Method Development

A. Neural Network Background

Neural networks, or, in the case of this study, multilayer percep-
trons (MLPs), are known for their ability to model any mapping
from input to output given a correctly chosen network structure.
They are also able to adapt to new sets of input output pairs. This
makes them ideal in adapting to an optimal control policy.

For the problems in this study, we will be using MLPs of the form
shown in Fig. 2. In this case, the activation functions are

Assuming that there is some function to be minimized, it is then
possible to adjust the weights of the MLP to model the appropriate
mapping using a standard gradient descent algorithm. If suitable,’
then recurrent networks such as Hopfield can be used for different
applications.* The solution process is not a function of the neural
network paradigm. It should, however, be noted that the network
used should be able to provide gradients of the output with respect
to input.

B. Problem Formulation
In this formulation, problems of the form (infinite dimensional)

ty
J = / Yix(), u(r)]dr @
0
X = f(x,u) 3)
t; = given xo = given C))

can be considered. The first step taken is to discretize them into the
form

-1
Yplx(k), u(k)] (5)

N
J =

k=0
x(k+1) = fplx(k), u(k)] 6

N = large or given x(0) = given ©)

2 1 The neural-network-based method in this study has advantages over
fi= Trem 1 = T o e fi=net (1) the previous methods in that solutions are found over any user spec-
€ te ified range of x, and these solutions are then available for the entire
span of x.
CcRITC C. Dynamic Programming Background
:L - N Assuming the type of cost function in Eq. (5), one can write that
Uft+1]
\L JIx@)] = Ulx (@), ulx(@O]} + (J[x (¢ + D]) (3)
' ACTION Here, J[x(¢)] is the cost associated with going from time ¢ to the
| {centroi) funal time. U{x(¢), u[x(¢)]} is the utility, which is the cost from
] T T going from time ¢ to time ¢ + 1. Finally, (J[x (¢ + 1)]) is assumed to
X(t+1) e —————— . ! be the minimum cost associated with going from time ¢ + 1 to the
final time.
MODEL uTILITY If both sides of the equations are partially differentiated with
’{‘ I respect to x and we define
Uft
Xt “ 8 [x(1)]
Alx()] = )]
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then
()] = 3Ux (@), u(@®)] | SUIx(1), u(®)] dulx@)]
3% () ) 0)
ox(t+1) ox(t + 1) dulx(1)]

10)

From this it can be seen that if (A[x (¢ + 1)]1), U[x(z), u(¢)] and the
system model derivatives are known, then A[x (¢)] can be found.
Next, the optimality equation is defined as

3J[x()]
su(ty
In dynamic programming we use these equations to aid in solving

an infinite horizon control policy or to determine the control policy
for a finite horizon problem.

an

D. Network Development or Training Methods
(Approximation Techniques)

As mentioned earlier, this study uses Egs. (10) and (11) to deter-
mine the optimal control policy. The basic training takes place in
two stages: the training of the action network (the network modeling
u[x(#)] and the training of the critic network (the network modeling,
or approximating A[x (¢)]). Both networks are initially assumed to
be feedforward MLPs.

To train the action network for time step ¢, first x (¢) is randomized
and the action network outputs u#(t). The system model is then used
to find x (¢ + 1) and [6x (r 4+ 1)1/[8u(#)]. Next, the critic from £ + 1 is
used to find Alx (£ +1)]. This information is used to update the action
network. This process is continued until a predetermined level of
convergence is reached.

To train the critic network for the time step ¢, the x(¢) is random-
ized and the output of the critic A[x (#)] is found. The action network
from step ¢ calculates u(¢) and [8u(2)]/[8x(#)]. The model is then
used to find [8x(r + D1/[5x ()], [6x (¢ + 1D]/8u(®)], and x (¢t + 1).
The critic from step £ + 1 is then used to find A[x (¢ + 1)]. After this,
Eq. (10) is used to find A*[x (¢)], the target value for the critic. This
process is continued until a predetermined level of convergence is
reached.

A flowchart of the critic network updates and related calculations
is presented in Fig. 3.

III. Applications
In this section of the study, two specific examples will be dealt
with. The first of these is an infinite horizon one-dimensional linear
problem. After this motivating example, a four-dimensional aircraft
control problem is presented.

A. Infinite Time One-Dimensional Linear Application
The first application deals with a problem of the form

x(t+1) =x()+2ul) (12)

and a cost function of the form

1= O +wO] (13)

t=0

As a first step in the solution, a stabilizing controller is defined. In
the case of this problem, the initial control is defined as

u(t) = —0.2x(f) (14)

Alternately, the control can be initiated by a network with random
weights. Next, a neural network is designed and the initial weights
of this network are randomized. For this problem, the network has
three layers and each of the hidden layers possesses three neurons.
This network functions as the adaptive critic.

It can be observed that for the infinite horizon problem the cost
associated with state x (¢) at time ¢ should be equal to the cost asso-
ciated with state x(¢) at time ¢ + 1; therefore, a single critic can be
used to calculate both A[x(¢)] and A[x (¢ + 1)]. Thus, we define

Ulu@), (O] = x*(t) + u*(t) (15)

Note that we can obtain the derivatives of the utility function from
Eq. (15). This, in combination with the critic outputs and the system
model derivatives, allows the use of Eq. (10) to determine the target
value for the critic A*[x (¢)]. This target value is calculated for random
values of x(¢) until the critic network converges. For the control
derivatives in Eq. (10), the functional form in Eq. (14) is used.

After the critic converges, a new neural network is initialized to
act as the action network. For this problem a neural network with
two hidden layers and three neurons per layer was chosen. The
action network is then trained using a gradient descent algorithm
with outputs from the converged critic network, which are used in
solving Eq. (11) for control.

After the action network converges, the critic is again trained us-
ing the outputs of the new action network. (Note that the weights of
the critic are not randomized. Instead, the weights from the previ-
ous critic are used as the initial weights.) This process is repeated
until both networks converge. At this point, the outputs of the ac-
tion network produce optimal control. In other words, the neces-
sary conditions for optimal control as stated by Egs. (10) and (11)
are simultaneously imbedded in the critic and action networks and,
therefore, the outputs of the controller network are optimal.

The evolution of the control law (or the action network) is pre-
sented in Fig. 4. The solid line represents the assumed control used in
the design of the first critic. The corresponding critic is presented by
a dotted line in Fig. 5. Other curves in Fig. 5 represent the evolution
of the critic. In three iterations of the action and critic networks, both
networks have shown convergence, as can be observed from Figs. 4
and 5. At this point, the action network is expected to output control,
which is optimal. To check the optimality of the output, the optimal
control law obtained through a Riccati solution formulation! is also
shown in Fig. 4. It is observed that at almost all of the points consid-
ered, the neural-network-based control is nearly identical with the
Riccati solution. It should be observed that the number of iterations
for convergence is problem dependent.
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Fig.4 Control law for infinite horizon problem.
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Figure 6 shows a comparison of the system state being controlled
by both the optimal control (Riccati solution) and the control deter-
mined by this adaptive-critic-based method for x(0) = —20. Note
that this initial condition was chosen arbitrarily. The neural network
has determined the near optimal control law for each point within
its training range.

B. Aircraft Control Application

We consider the synthesis of an optimal longitudinal autopilot in
this section. The performance index in this application is an infinite-
time quadratic cost function. The minimizing control is expected to
drive the deviations of the longitudinal dynamics in pitch angle 9,
pitch rate g, forward velocity u’, and angle of attack « to zero.

The orientation of an aircraft involving longitudinal dynamics is
shown in Fig. 7. The linearized equations of motion of an aircraft
in a vertical plane are given by’

X = Ax + Bu (16)
where the elements of the state space x are

x=[, a0, q] an

Elements a;;,i = 1,2,3,4, j = 1,2,3,4 of the 4 x 4 matrix A
represent the dynamic stability derivatives and are given by

4y = —0.0148,  ap——13.88, a3 =—322
ap =0, ay; = —0.00019, a = —0.84
azp =0, ay =1, az =0, a; =0 (18)
az; =0, as =1, ay; = 0.00005
ap = —4.8, agp =0, ag = —0.5

Elements b;;,i = 1,2,3,4, j = 1 of the 4 x 1 matrix B represent
the control derivatives and are given by

by = —1.1, by = —0.11, by =0, by = —8.74

19

The control variable u represents elevator deflection.

The performance index J is formulated so as to keep the pitch
angle, pitch rate, normal acceleration, and elevator deflection low
and penalize if they exceed the prespecified maximum values. That

is,

0 P 2 2 n 2 u 2
0 Qmax Gmax anux U max

(20)

where Oy =0.26 rad, gmax=0.31rad/s, n,,,, =6 g, and iy, =0.1
rad. Here, n, represents normal acceleration and g is the gravitational
acceleration, which is set at 32.2 ft/s. Note that n, can be obtained
in terms of other states as

n,=Vo/8) (g — &) 2D

where V, is the steady-state aircraft velocity.
Note that this performance index, with the use of Eqs. (18)
and (21), has the form

J = / xT0x 4+ uTRu + 2xTPuw) de (22)
0

where Q, R, and P are appropriate weighting matrices in terms of
Brmax> Gmaxs Mzgex> AN Umax. These are 9R = 91.32, P = (0,22 x
E—4,0.97,0)", and

10.37 0 0 0
0 37xE-7 165xE-3 0
Q=1 0  165xE-7 7.25 0
0 0 0 14.84

Note that P is present because of cross terms in x and u, which
occur after n, is rewritten in terms of state equations. Solutions
to this optimization problem are obtained using the adaptive critic
approach described in the last section.

The numerical results from these experiments are presented in
Figs. 8-13. Histories of u'(¢), a(t), 8(¢), and g(¢) with time are
presented in Figs. 8—11 respectively. To demonstrate the versatility
of the adaptive critic approach, we have presented plots of the neural-
network-based states and optimal state histories for arbitrary initial
conditionsin Figs. 8—11.Ineach one of the cases, we can observe that
the optimal trajectories (from exact Riccati solutions) and the neural-
network-based solutions are virtually identical. All of these control
outputs are generated from one converged neural network. In other
words, the action network can be used as one repository of gains for
various operating conditions or errors. In other words, it can be an
ultimate gain scheduler. It is a feedback controller since the inputs
are the current states and the outputs are the control values. Note that
no external training is necessary to achieve this. The optimal control
history and the neural-network-based control history are presented
in Fig. 12. From the control error plot given in Fig. 13, it can be
seen that at any point the errors are of the order of 1073,
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IV. Conclusions

A new adaptive-critic-based neural architecture has been pre-
sented to solve optimal control problems. A scalar problem has been
solved to illustrate the steps in the design process of the dual net-
work structure. It has been shown that these networks can produce
near optimal control policies for infinite horizon problems such as
an aircraft control problem. This architecture requires no external
training data and yields optimal control through the entire range
of operation and can be used in closed loop. Since the controller
network contains an envelope of gains, it can act as an autopilot.
The added advantage of this approach is that the critic network can
provide fault tolerance. Future work on this topic will investigate the
robustness of such network controllers and the use of this method
for finite-horizon class of problems.
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